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A B S T R A C T   

Stoke’s problems significantly impact several domains, including industrial manufacturing, 
geophysical flows, chemical engineering, and heat conduction. Stoke’s second problem deals with 
the movement of a semi-infinite viscous incompressible fluid caused by an oscillating flat plate. 
Thus, this work examines Stoke’s second problem for an unsteady hydromagnetic surface-driven 
flow along an infinite flat plate in the presence of thermal radiation and heat dissipation. The 
governing momentum and energy equations form an emerging nonlinear system of partial dif-
ferential equations through dimensionless proxies. MAPLE 2022 is employed to solve the 
resulting system of nonlinear partial differential equations that control the flow both analytically 
and numerically in specific situations. The analytical solutions are displayed graphically, along 
with variations of skin friction and Nusselt number at the plate. It has been observed that mo-
mentum and thermal slips significantly diminished the flow characteristics to cause damping flow 
rate and temperature distributions. Rising the values of Magnetic and velocity slip parameters, an 
oscillatory motion is observed in skin friction. This is due to the periodic and wavy nature of the 
boundary wall. Furthermore, a rise in the Prandtl number and radiation value correspondingly 
boosted the wall heat gradient profiles. Finally, this study will assist industry and engineering in 
understanding the sensitivity of their working fluids to parameter variations and for the exact 
prediction of their base fluids.   

1. Introduction 

The investigation of thermal propagation and laminar viscous flowing liquid along a slippery moving plate is gaining an increasing 
research interest in the area of dynamics of fluid due to rising industrial and engineering demands. Pramanik [1] investigated the 
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effects of suction/blowing and thermal radiation on the flow field and heat transfer in the boundary layer of a Casson fluid over an 
exponentially stretching sheet. It appears that the study found that these factors can significantly influence the flow field and heat 
transfer in the presence of suction or injection at the wall. Gupta and Gupta [2] investigated heat and mass transfer using suction or 
blowing on a stretching sheet. The assertion made by Ref. [2] for a stretchable continuous boundary layer flow with various geometries 
and thermofluidic conditions, as obtained in Refs. [3–7], was supported by several researchers. Such a flow is helpful in polymer 
extraction, optical modulation, copper wire production, fiber filters, and others. During material production and cooling or heating of 
thermal devices, the slip kinematics strongly impact the final product quality, Madhu et al. [8]. Fatunmbi and Adeosun [9] discussed 
the flow of nanofluid Eyring-Powell along a Riga plate and nonlinear boundary stretching layer. The slip velocity was reported to have 
enhanced nanofluid Eyring-Powell flow rate resulting from a reduced molecular bond. Waqas et al. [10] examined the heat transfer of 
hybrid magneto-nanofluid in a nonlinear stretching cylinder. It was discovered that heat distribution is boosted with rising slip pa-
rameters. Qureshi [11] studied the flow of hybrid nano-liquid Prandtl-Eyring past an irregular horizontal stretching velocity plate. As 
seen, the flow velocity and heat transfer are greatly influenced by the nonlinear horizontal moving plate velocity. Few more 
momentous reports on the nonlinear plate slip can be taken from Refs. [12–15]. 

The applications of stretching nonlinear boundary layers in thermal science, industry, and technology can be improved when an 
induced electromagnetic fluid is considered. As reported by Refs. [16,17], the fluid flow rate can be dragged, and the lubricant vis-
cosity of a fluid can be boosted in the present magnetic field. Hence, the study of hydromagnetic flow is encouraged due to its many 
applications in nuclear reactors, MHD power generators, agricultural engineering, petroleum, and others. As such, Bhatti et al. [18] 
investigated non-Newtonian nano flow of entropy-generated fluid through a porous slippery sheet with a magnetic field. The study 
noticed that the magnetic field resists flow motion but boosts temperature distribution. Khan et al. [19] presented hybrid material fluid 
flow with varying magnetic fields in an elongated sheet. It was seen that near the boundary layer, the body force accelerated due to the 
Lorentz force inspired by a magnetic field. More findings on hydromagnetic flow in a stretching slip velocity can be obtained from Refs. 
[20–24]. However, in a heat transfer system involving high temperature, radiation is an essential thermodynamic physical quantity, 
for instance, in glass sheets or metal cooling. Due to its usage, Unyong [25] discussed, in a thermofluidic system, the effect of radiation 
and entropy generation in an inclined magnetic field. The results depicted that heat radiative raised the heat transfer profile. Sharma 
et al. [26] examined heat radiative and dissipation of hydromagnetic flow with variable viscosity through a stretching boundary layer. 
The shear stress rate was reported to have been augmented with rising thermal radiation. More also, Mabood and Das [27] adopted the 
Rosseland approximation model for the thermal radiation of hydromagnetic flow past a second-order stretchy slip surface with melting 
heat distribution. The flow characteristics were presented to have been significantly influenced by the radiation and second-order slip 
terms. Meanwhile, Stoke’s second problem was not considered in all the aforementioned studies. 

Stoke’s second problem is a periodic continuous flow, which is emblematic of Newtonian fluid flow dynamics. Thermal fluid 
transfer served as a working fluid in many industries. By adopting a numerical scheme, Chen and Chen [28] considered second grade 
for a generalized Stoke problem. Khan et al. [29] studied nanofluid heat transfer for Stoke’s second problem: A thermal engineering 
application. The study displayed rising heat distribution in the presence of the fluid material. Bedrikova and Latyshev [30] investigated 
the second Stoke’s flow model past an oscillatory surface for gas variable amplitude. An analytical solution was presented to show the 
impact of thermofluidic terms. Ishfaq et al. [31] carried out a comprehensive analysis of fluid material Stoke’s second-order model. The 
thermophoretic was announced to have increased the chemical reaction. Duan and Qiu [32] presented a constitutive model for a 
viscoelastic Stoke’s second fluid problem. The viscoelastic material term dragged the flow velocity distribution. Hor et al. [33] 
examined asymmetry heat boundary layer viscous dissipation of Stoke’s second model flow in a microchannel. 

Of the many considered studies, no model and discussion on the hydromagnetic thermal radiation in multiple slips have been 
examined despite its usefulness in the area of technology and science. As such, this study focuses on Stoke’s second problem of multiple 
nonlinear slips with thermal radiation, heat dissipation, and uniform magnetic field. The significance of thermodynamic fluid prop-
erties in industry and thermal science has motivated this study. Hence, the developed model is solved analytically, and the outcomes 
are offered in graphs to demonstrate the strength of the fluid terms and response of the flow characteristics. 

2. Model formulation 

Consider a laminar flow of an incompressible Newtonian fluid along an infinite flat plate, as shown in Fig. 1. The x-axis is aligned 

Fig. 1. Schematic of Stokes’ second problem.  
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with the plate. At the same time, the y-axis is perpendicular to the plate. The pressure gradient and body forces are neglected. A 
uniform magnetic field B0 is applied normally to the plate. It is assumed that the induced magnetic field is negligible. The thermo-
physical properties of the fluid are assumed to be constant. At the time t = 0+ , the plate starts to flow and move in its plane with 
velocity U cos(ωt). As y → ∞, the velocity declines to zero. The plate surface is exposed to first-order velocity and thermal slip. The 
ambient temperature and the plate temperature are assumed to be Tw. The effects of viscous dissipation and radiation effects are 
introduced in the energy equation. 

The momentum and energy equations for Stoke’s second problem can be written as 

∂u(y, t)
∂t

= νf
∂2u(y, t)

∂y2 −
σB2

o

ρf
u(y, t) (1)  

∂T(y, t)
∂t

=αf
∂2T(y, t)

∂y2 −

(
1

ρcp

)
∂qr

∂y
+

(
μ

ρcp

)

Φ (2) 

The viscous dissipation function Φ and the radiative heat flux qr can be defined as 

Φ=

(
∂u
∂y

)2

and qr = −
4σ1

3k1

∂T4

∂y
(3) 

The term T4 can be expanded using the Taylor series and written as T4 ≅ 4T3
∞T(neglecting higher order terms). Therefore, the 

energy equation is given by 

∂T(y, t)
∂t

=

[

αf +
16σ1T3

∞

3
(
ρcp

)

f k1

]
∂2T(y, t)

∂y2 +

(
μ

ρcp

)(
∂u
∂y

)2

(4)  

with the initial and boundary conditions 

u(0, t) = uo cos(ωt) + Ls

(
∂u
∂y

)

t > 0

T(0, t) = Tw+Lt
∂T
∂y

t > 0

u(y, 0) = 0; T(y, 0) = 0y > 0

u(y, t) → 0; T(y, t) = T∞ y → ∞

(5)  

where νf , αf , ω, Φ, (ρcp)f , σ1 and k1 are the kinematic viscosity, thermal diffusivity, frequency of the velocity of the plate, dissipation 
function, the heat capacitance of the fluid, the Stefan-Boltzmann constant and the mean absorption coefficient, respectively. 

Introducing the following dimensionless quantities in Eqns. (1)–(3): 

U =
u
u0
; τ = ωt; η = y

̅̅̅̅ω
νf

√

; θ =
T − T∞

Tw − T∞
(6) 

We obtain the following dimensionless equations and corresponding boundary conditions: 

∂U
∂τ =

∂2U
∂η2 − MU (7)  

∂θ
∂τ =

1
Pr

(1+Rd)
∂2θ
∂η2 + Ec

(
∂U
∂η

)2

(8)  

with initial and boundary conditions 

U(0, τ) = cos(τ)+α ∂U
∂η τ > 0

U(η, 0) = 0; θ(η, 0) = 0η > 0

U(η, τ) → 0; θ(η, τ) → 0η → ∞

θ(0, τ) = 1 + β[θ
′

(0, τ)] for τ > 0

(9)  

where M =
σB2

o
ρf ω is the magnetic parameter, Rd =

16σ1T3
∞

3kf k1
, Pr = νf

αf 
and Ec =

u2
o

cpΔTw 
are the radiation parameter, Prandtl and Eckert numbers, 

α is the velocity slip parameter, β is the temperature slip parameter. 
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3. Solution methodology 

The momentum equation can be solved analytically, following [34] and assuming, 

U(η, τ)=Re
[
W(η).eiτ] (10)  

where Re designates the real part of the quantity inside the square bracket. Substituting Eq. (10) into Eq. (5), we get the following 
second-order differential equation: 

W ′′(η) − i(1 − iM)W(η) = 0 (11)  

Using
̅̅
i

√
=

1 + i
̅̅̅
2

√ , the general solution of (5) can be written as  

W(η)=C1 exp
[

1 + i
̅̅̅
2

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − iM

√
η
]

+ C2 exp
[

−
1 + i

̅̅̅
2

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − iM

√
η
]

(12) 

The condition of finite velocity W(η) → finite when η → ∞ suggests that the constant C1 should be zero. Thus 

W(η)=C2 exp
[

−
1 + i

̅̅̅
2

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − iM

√
η
]

(13) 

Using Binomial expansion 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − iM

√
= 1 − 1

2 iM+ ... neglecting higher order terms,we get 

W(η)=C2 exp
[

−
M + 2
2

̅̅̅
2

√ η
]

exp
[

i
M − 2
2

̅̅̅
2

√ η
]

(14) 

Therefore, Eq. (10) gives 

U(η, τ)=ReC2 exp
[

−
M + 2
2

̅̅̅
2

√ η
]

exp
[

iτ+M − 2
2

̅̅̅
2

√ η
]

=
C2 exp

[

−
M + 2
2

̅̅̅
2

√ η
]

· cos
[

τ+M − 2
2

̅̅̅
2

√ η
]

(15)  

where the constant C2 can be determined by using the velocity slip condition U(0,τ) = cos(τ)+ α ∂U
∂η . Differentiating Eq. (15) w.r.t η, we 

get 

C2 =
4 cos τ

α
̅̅̅
2

√
(2 cos τ − 2 sin τ) + 4 cos τ

(16) 

Therefore, the dimensionless velocity distribution can be written as 

U(η, τ)=
4 cos τ exp

[
− M+2

2
̅̅
2

√ η
]
· cos

[
τ + M− 2

2
̅̅
2

√ η
]

α
̅̅̅
2

√
(2 cos τ − 2 sin τ) + 4 cos τ

(17) 

This shows that the dimensionless velocity oscillates in time with the same frequency as the plate η = 0. The energy equation is 
solved numerically using MAPLE 2022. MAPLE is a mathematical software package that is commonly used for symbolic computation, 
which involves the manipulation of mathematical expressions and equations. It can be used to solve a wide variety of mathematical 
problems, including those involving differential equations and other complex mathematical expressions. 

The solution to the Energy equation using MAPLE involves solving a system of partial differential equations (PDEs) that describe the 
flow of a viscous fluid. The PDEs can be solved using various techniques, such as finite difference or finite element methods. One way to 
solve the problem using MAPLE is to use the PDEtools package, which provides a suite of functions for solving PDEs. 

pdsolve(sys, ICs union BCs, numeric, time = t, range = 0..N); The spacestep and timestep are kept as 0.001 and 0.01, respectively. 
This will give the solution for the temperature as a function of y and t in terms of M, Rd, Ec, and Pr. We can use these solutions to 
calculate other quantities of interest, such as the skin friction and the Nusselt number for different values of governing parameters. 

3.1. Quantities of physical interest 

The local skin friction factor Cf and the local Nusselt number Nux are the quantities of physical interest and can be defined as 

Cf =
2τw

ρf u2
o
, Nux =

x qw

kf (Tw − T∞)
, (18)  

where τw, qw shear stress and the wall heat flux are defined as 

τw = μf

(
∂u
∂y

)

y=0
, qw = −

(

kf +
16σ1T3

∞

3k1

)(
∂T
∂y

)

y=0
. (19) 

Using Eqn. (4) 
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Re1/2
x Cf = 2

∂U
∂η

⃒
⃒
⃒
⃒

η=0
=

8 cos2 τ
α

̅̅̅
2

√
[(M + 2)cos τ + (M − 2)sin τ] + 4 cos τ

Re1/2
x Nux = − (1 + Rd)θ

′

(0)

(20)  

4. Graphical interpretation with discussion of results 

The study investigates the effects of multiple slips in an unsteady MHD convective flow of a Stokes’ second problem across an 
infinite plate. The two-dimensional partial differential equations are converted into a dimensionless partial differential equations 
system. The resulting flow equations are solved analytically in exceptional cases and numerically using MAPLE 2022. The impact of 
parameters influencing fluid flow is thoroughly explored in Figs. 2–11. 

Fig. 2(a) and (b) demonstrate the effect of the magnetic parameter on the flow velocity. When a magnetic field is applied to a fluid, 
it can generate an induced electric field within the fluid, which, in turn, can produce an induced current. This current can interact with 
the magnetic field to produce a force known as the Lorentz force. In the case of a boundary layer, the Lorentz force can act to reduce the 
velocity gradient near the solid boundary and can also increase the thickness of the boundary layer. This can lead to a decrease in the 
friction drag on the solid boundary and a decrease in the heat transfer rate. It is important to notice that the magnetic field must be 
strong enough to overcome the viscous forces, and it depends on the properties of the fluid and the strength of the magnetic field. The 
velocity distribution is dampened by varying the magnetic term while holding the other terms constant. The resistance to the flow is 
caused by the stimulated electromagnetic force, which is created by the magnetic field. The reaction of the flow rate profile to the rising 
velocity slip term is displayed in Fig. 3(a) and (b). A variation in the term decreases the current carrying second Stoke’s fluid along the 
infinite wavy sheet. As the values are increased, fluid-particle interaction is opposed all over the flow region. In contrast, close to the 
plate wall, the effect is substantial because of the wall’s friction, which causes a decrease in the velocity distribution. The impact of 
nonlinear thermal slip (β) is investigated in Fig. 4(a) and (b) under the continuous periodic heat transfer t = 2π and t = π/ 2. As 
observed, the heat transfer decreases along the infinite plate device due to a decline in the thermal boundary film thickness; this allows 
thermal diffusion out of the electrically conducting fluid to the surroundings. The effect of the thermal slip parameter on the 
dimensionless temperature will depend on the specific conditions of the fluid flow and the material properties of the fluid and the solid 
surface. In general, however, the thermal slip parameter can have an impact on the rate of heat transfer between the solid surface and 
the fluid, and this can, in turn, affect the dimensionless temperature of the fluid. If the thermal slip parameter is large (indicating that 
the thermal boundary layer is much thicker than the viscous boundary layer), it can lead to a reduction in the rate of heat transfer 
between the solid surface and the fluid, and this can result in a lower dimensionless temperature of the fluid. On the other hand, if the 
thermal slip parameter is small (indicating that the thermal boundary layer is much thinner than the viscous boundary layer), it can 
lead to an increase in the rate of heat transfer between the solid surface and the fluid, and this can result in a higher dimensionless 
temperature of the fluid. 

Meanwhile, a rise in the Eckert number encourages fluid particle thermal propagation to boost the temperature field, as seen in 
Fig. 5(a) and (b). The term characterizes the thermal dissipation of heat energy; it depicts the relationship between the boundary 
enthalpy layer and the flow’s kinetic energy. As noticed, the heat dissipation term at different periodic energy transfers raises the 
temperature distribution. Fig. 6a and b establish the response of the skin friction to respective variations in the magnetic (M) and 
velocity slip (α) parameters. For both plots, the wall friction decreases significantly near the wall because of the high fluid friction 
associated with the fluid particle restriction. However, some distance away from the plate surface, a steady rise in the skin friction is 
noticed due to rising internal heating that breaks the bonding force. The effect of the magnetic parameter on skin friction depends on 
the specific flow conditions and the properties of the fluid, and the magnetic field. In Fig. 6 (a), the magnetic field leads to a reduction 
in skin friction, as the magnetic forces acting on the fluid can help to smooth out the flow and reduce viscous resistance. On the other 
hand, if the magnetic field is too strong, it can lead to an increase in skin friction, as the fluid experiences a greater degree of resistance 
as it tries to flow past the solid surface. The effect of the velocity slip parameter on skin friction depends on the specific flow conditions 
and the properties of the fluid and solid surface. In general, as the velocity slip parameter increases, the amount of skin friction at the 

Fig. 2. Effects of magnetic parameter on dimensionless velocity.  
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boundary also increases. This is because the fluid experiences a greater degree of resistance as it tries to flow past the solid surface, 
leading to an increase in the frictional forces between the two. 

This thereby unrestricted the motion of the fluid particles. Though, far the stream, dampness in the skin friction is noticed as the 
fluid viscosity dominates the heat generation. As such, the molecular bond is steadily induced, dragging the flow. Fig. 7a and b shows 
the reaction of the wall heat gradient to rising thermal slip and viscous dissipation terms. The wall heat gradient denotes the Nusselt 
number, which describes the relationship between thermal convection and heat conduction ratio across the boundary layer. The effect 
of the thermal slip parameter on the dimensionless heat transfer rate depends on the specific flow conditions and the properties of the 
fluid and solid surface. In the neighbourhood of the surface, the dimensionless heat transfer rate reaches a maximum value and then 
decreases with increasing time. When the thermal slip parameter increases, the dimensionless heat transfer rate decreases. This is 
because the temperature gradient at the surface becomes smaller, leading to a lower rate of heat transfer between the fluid and the 

Fig. 3. Effects of velocity slip parameter on dimensionless velocity.  

Fig. 4. Effects of thermal slip parameter on dimensionless temperature.  

Fig. 5. Effects of viscous dissipation on dimensionless temperature.  
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Fig. 6a. Effects of magnetic parameter on skin friction.  

Fig. 6b. Effects of velocity slip parameter on skin friction.  

Fig. 7a. Effects of thermal slip parameter on the dimensionless heat transfer rate.  
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solid. 
In Fig. 8a and b, the Nusselt number increases as the Prandtl and radiation numbers are raised separately. The fluid flow thermal 

conduction dominates the wall heat transfer to boost the heat gradient at the wall and the flow regime. The thermal boundary film 
viscidness is raised to obstruct heat diffusion, propelling the Nusselt number for the rising values of the dynamical fluid parameters. 

5. Conclusion 

In the study, Stokes’ Second problem of an unsteady hydromagnetic surface-driven flow along an infinite wavy sheet in the 
company of thermal dissipation, radiation, and uniform magnetic field has been executed. Furthermore, the boundary conditions are 
subjected to nonlinear multiple slip conditions. The objectives are achieved by determining the flow rate, thermal field, wall friction, 
and Nusselt number profiles for parameter sensitivities. The proposed mathematical model is solved to find the best exploratory so-
lution available. The impacts of variables are pictorially depicted and explained in depth. Based on the results, it can be concluded that:  

• Velocity and thermal slips momentously reduced the flow characteristics to cause damping flow rate and temperature distributions.  
• The monotonically rise in the U(η, τ) and θ(η, τ) with increasing η leads to a respective decrease and rise in the thermal fluid flow 

dimension for variation in M and Ec.  
• An oscillatory motion in the skin friction is obtained for rising values of M and α due to the periodic and wavy boundary wall.  
• The Prandtl number and radiation value correspondingly increased the wall heat gradient profiles. 

Thus, an extension to Arrhenius’s kinetics fluid flow in a cylinder and channel is encouraged to improve the application of the 
second-order Stoke’s problem. 

Fig. 7b. Effects of viscous dissipation on the dimensionless heat transfer rate.  

Fig. 8a. Effects of Prandtl number on the dimensionless heat transfer rate.  
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